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Abstract

We study the bilateral trading problem under private information. We characterize the
range of possible mechanisms which satisfy ex-post efficiency, incentive compatibility,
individual rationality, and budget balance. In particular, we show that the famous
Myerson—Satterthwaite impossibility result no longer holds when contingent contracts
are allowed.
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1 Introduction

In many practical settings where the value of an asset/project is observable ex-post, the
payments often depend on realized payoffs, i.e., the payments are contingent on future
outcomes. In oil and gas lease auctions, for instance, buyers pay a fixed percentage
of revenues in royalties in addition to upfront cash payments. Other examples include
intercorporate asset sales, licensing agreements for intellectual property, and build-
operate-transfer highway construction contracts in procurements.'

Among contingent contracts, linear contracts are popular. Schmalensee (1989) finds
that “most incentive schemes observed in practice are linear”. Bhattacharyya and
Lafontaine (1995) note that “linear pricing rules have been found in a number of
diverse areas such as, but not limited to, sales force compensation, sharecropping,

I See Skrzypacz (2013) for a more detailed discussion.
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leasing arrangements, author’s fees, legal fees, licensing agreements, commercial real
estate rental fees, and franchising”.2

In recent years, research on contingent contracts has emerged. See, for example,
Hansen (1985), Saumelson (1987), Crémer (1987), Riley (1988), DeMarzo et al.
(2005), Che and Kim (2010), and in particular the survey of Skrzypacz (2013).% See
also Ekmekci et al. (2016) and the references therein for the corporate finance literature
which considers contingent contracts. These papers study the (one-sided incomplete
information) auction problem and show that contingent contracts can increase the
seller’s revenue.

In comparison, we study the (two-sided incomplete information) bilateral trading
problem and show that contingent contracts can achieve ex-post efficiency. Specifi-
cally, given the prominence of linear contracts, we consider linear contracts in bilateral
trading environments and characterize the range of possible mechanisms which satisfy
ex-post efficiency, incentive compatibility, individual rationality, and budget balance.
We show that contingent contracts reduce the information rents and ameliorate the
escalation of adding-up incentive constraints, thus making ex-post efficiency possi-
ble. As far as we know, this is the first paper that examines contingent contracts for
two-sided incomplete information setting.

Myerson and Satterthwaite (1983) considered a model in which the seller owns an
indivisible asset, and the seller’s and the buyer’s valuations are statistically indepen-
dent and depend only on their respective private information. They established that
there does not exist an ex-post efficient, incentive compatible, individually rational,
and budget balancing bilateral trading mechanism when only upfront cash pay-
ments are allowed. That is, there is no incentive compatible, individually rational,
and budget balancing mechanism such that the trade occurs when and only when
the buyer’s valuation exceeds the seller’s valuation. Subsequently, Cramton et al.
(1987) showed that ex-post efficiency is possible with upfront cash payments when
the ownership of the asset is distributed. The insight is that, by adjusting the ‘sta-
tus quo’ allocation, we can satisfy the desirable properties listed above. See Segal
and Whinston (2011) and the references therein on this line of research. In a differ-
ent approach, McAfee and Reny (1992) showed that ex-post efficiency is possible
when the players’ valuations are statistically correlated and drawn from the same
interval.* Observe that these papers alter the environment to obtain efficiency. In
contrast, we maintain the same environment as Myerson and Satterthwaite’s (1983)
but alter the contract structure to obtain efficiency. Note in particular that, while
in Cramton et al. the ownership is initially distributed but the whole ownership is
given to one party after transaction, in the present paper the whole ownership ini-
tially resides with one party as in Myerson and Satterthwaite but the contracts create

2 There have been efforts to explain the popularity of linear contracts. See the discussion section of Carroll
(2015) for an excellent literature review.

3 Contingent payments are also referred to as securities or security bids.

4 There have been other notable attempts. Saran (2011) showed that ex-post efficiency is possible if the
proportion of naive traders is greater than a lower bound (which is less than 50%). Garratt and Pycia
(2016) showed that ex-post efficiency is generically possible when utilities are not quasi-linear and not too
responsive to private information.
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some form of shared ownership. In this sense, the present paper is orthogonal to that
paper.

2 Main results
2.1 The setup

There is one seller (player 1) who owns an indivisible asset, and one buyer (player 2)
who wants to buy. Let #; denote the value of the asset to player i = 1, 2. Thus, #; is
player i’s type, and we assume that this is private information. Player i’s type is drawn
independently according to the distribution F; on the interval 7; = [z,, 7] € Ry,
with the density f; that is continuous and positive. Let 7 = T} x T» be the set of type
profiles.

As mentioned in the introduction, we assume that the ex-post value of the asset is
observable and contractible. We consider linear contracts. Specifically, we consider
direct mechanisms with royalty and cash payment, (p, «, x), where p : T — [0, 1] is
the probability of trade, i.e., the probability that the asset is transferred to the buyer,
a : T — [0, 1] is the royalty rate, and x : T — IR is the cash payment from the
buyer to the seller.’ Thus, when the type profile is realized as (71, 72), the seller’s
payoff is p(t1, 12)(ee(t1, )12 — 11) 4 x(t1, 12) and the buyer’s payoff is p(t1, 1) (1 —
a(t, tz))tz —x(t1, ) inthe mechanism (p, «, x).(” 7 Note that the royalty is dependent
on the realized value 1, of the asset to the buyer. Note also that the royalty is contingent
upon the transfer of the asset whereas the cash payment is not. When « (1, t2) = 0 for
all (t1, 1) € T, this setup is identical to that of Myerson and Satterthwaite (1983).

2.2 Incentive compatibility and individual rationality

We define

def [ def [
v1(s1) =/ x(s1, 1) fa(t2)dtz,  y2(s2) =/ x(11, 82) f1(t1)dty,
15

5]

def [ def [
q1(s1) =/ p(s1, 1) r()dtr,  qa(s2) =/ p(t1, s2) f1(t)dt.
I

1

Thus, y; (s;) is the conditional expected cash payment when player i reports s;, and
qi(s;) is the conditional expected probability of trade when player i reports s;. In
addition, define

3 By the revelation principle, it is with no loss of generality to restrict our attention to direct mechanisms.

6 we may consider more general value functions r; (#; ) instead of 7; fori = 1, 2. But, by defining ti/ =7(t;)

and changing the distributions appropriately, we return to the original formulation.

7 Observe that the seller’s payoff is non-positive, i.e., —t; < 0, when p(t1, ) = 1, a(t], ) = 0, and

x(11, 1p) = 0. The bilateral trading is an environment with positive externality and consequently budget
g p y q y budg

balance problem is nontrivial. This is in contrast with the auction problems.
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)
def
Fi(sn) / p(s1, sy, 2 fr()d,
I

3]
def A def
(82, 1) = ara(s2) = / p(t1, s2)a(ty, s2)t2 f1(t1)dt.
5]

Note that (i) 1 (s1) is the conditional expected royalty when the seller reports s1, (ii)
r2(s2, 1) is the conditional expected royalty when the buyer with #, reports s, and

(iii) 72 (s2) def fj}‘ p(t1, s2)a(ty, s2) f1(t1)dt is the conditional expected royalty rate
when the buyer reports s,. Let us define

1
42(52) & ga(s2) — Fas2) = / p(t1,52)(1 = altr, 52)) fi(t)dt.
1y

Observe that, when «(t1, o) = 0 for all (¢1, ) € T as in Myerson and Satterthwaite
(1983), we have ri(s1) = ra(s2, 12) = 72(s2) = 0 and §2(s2) = q2(s2).

If the seller believes that the buyer will report truthfully, and he reports 51 when his
true type is t1, then his expected payoff is

Ur(si. 1) € ri(s1) — qusot + yis1). (1)

Likewise, if the buyer believes that the seller will report truthfully, and she reports s,
when her true type is 7, then her expected payoff is

def A
Us(s2. 1) = qa(s2)ty — ra(s2, 1) — y2(s2) = Ga(s2)t2 — y2(s2). )
Let us define, with a slight abuse of notation, U; (t;) def U;(t;, t;) fori = 1, 2. Thus,

U, (t;) is the expected payoff when player i truthfully reports his/her type. The mech-
anism (p, «, x) is incentive compatible if

Ui(ti) = Ui(si, 1), Vi e{l,2},Vs;,1; € T}, (1C)
and individually rational if

Ui(ti) =0, Viefl,2},Vy €T, (IR)

We first have the following proposition on incentive compatibility.

Proposition 1 The mechanism (p, a, x) is incentive compatible if and only if®

(1) q1(t1) is decreasing,
(ii) ga(1p) is increasing,

(i) Uy() = Ui (@) + [ qi(v)dr,

8 We use the terms decreasing/increasing in the weak sense.
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(iv) Ua(n) = Ua(ty) + ;2 qa(v)d.

Proof (= part) Observe that U; (s1, t1) — U1 (s1) = (s1 —t1)q1(s1). Therefore, the IC
condition is equivalent to

Ui(t) = Ui(s1) — (&1 — s1)q1(s1).
By interchanging the roles of s1 and 7, we get
Ui(s1) = Ui(t) — (s1 — 1)q1 (7).
Combining these inequalities,
(s1 —t)q1(s1) = Ui(t1) — Ui (s1) = (s1 — t)qi(n).

If 1 < s1, then g1(s1) < q1(#1). Thus, g;(-) is decreasing. Furthermore, g (-) is
Riemann integrable, and dU| (t1)/dt; = —q1(t1). Therefore,

t

1
Ui(t1) = Ui () +/ q1(t)dr.

131

For the buyer, we have Us(s2, t7) — Ua(s2) = (t2 — $2)§2(s2). Therefore, the IC
condition is equivalent to

Ua(t2) = Ua(s2) + (t2 — 52)G2(52)-
By interchanging the roles of s, and #,, we get
Ua(s2) = Ua(t2) + (52 — 2)G2(12).
Combining these inequalities,
(12 = 52)q2(s52) < Ua(t2) — Ua(s2) < (2 — 52)q2(12).

If 53 < 1, then @a(s2) < G2(t2). Thus, ¢»(-) is increasing. Furthermore, §o(-) is
Riemann integrable, and dU,(t)/dty = ¢ (t2). Therefore,

5]
Us(ty) = Un(ty) + / in(o)de.
I

(<= part) We have

Ui(t) — Ui(s1, 1) = Ui(tr) — Ui (s1) — (51— t1)q1(s1)
= / q1(t)dt — (s1 — t1)q1(s1) = 0,
1
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where the first equality follows from the definition of U (-), the second equality follows
from (iii), and the inequality follows from (i). Likewise,

Us(tr) — Ua(s2, 1) = Ua(tr) — Ua(s2) — (12 — 52)G2(52)

n
= / g2(t)dt — (tr — 52)ga(s2) > 0,
s

52

where the first equality follows from the definition of U; (+), the second equality follows
from (iv), and the inequality follows from (ii). Hence, the mechanism (p, «, x) is
incentive compatible. O

We note that players’ payoffs depend on p and « but not on the cash payment
x, thus a modified version of the payoff equivalence result holds. That is, players’
payoffs depend only on the allocation rule and the royalty rate that is contingent on
the allocation but not on the monetary transfer. We can in fact find an explicit cash
payment given p and «.

Proposition 2 Given any probability of trade p : T — [0, 1] and royalty rate « :
T — [0, 1], we can find a cash payment x : T — IR such that (p, «, x) is incentive
compatible as long as q(t1) is decreasing and q»(t2) is increasing.

Proof Define

%) 5]
x(t1, 1) =/ dqa(v) + q2(ty)t, —/ tdq (1)
Iy n

1
—/ p(t1, )a(ty, )t f(t2)dt
5]

151 ?2 ?1
+/ TFl(f)d611(T)+/ / p(tr, )a(ty, )t fi1(t) f2(t2)dtdt;.
1y L JI

We have y>(t2) = f;j 1d§>(7)+§a(1y)t,. Thus, Uz (1) —Ua(ty) = Ga(t2)tr — y2(t2) —

Q(12)ty + y2(ty) = G2(2)2 = G2 (tx)t — [,2 1dp(v) = [;? G2(v)d, where the first
equality follows from Eq. (2) and the last equality follows from integration by parts.
Thus, Uz(12) = Ua(t,) + ftz §>(t)dt. Next, we have

%)
fz 15)
yi(ty) =/ / tdqa(7) f2(2)dtr + §2(1)t,
15 %)
7 7
—f TdQI(T)_/ p(t1, b)a(ty, )t f(t)dt
1 153
7 o
+f TFl(T)dQ1(T)+/ / p(t1, )a(ty, ) fi1(t) f2()dtdt.
1 1 JI
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Thus, Ui (1)) — U1 (t1) = ri(t) — qi(t)ts + yi(t1) —ri(@) + Gt — y1(fy) =
21 tdqi(t) — qi(t)t + q1(T)E) = fltll q1(t)dt, where the first two equalities
follow from Eq. (1) and the definition of r1(s1) agd the last equality follows from

integration by parts. Thus, U;(t;) = U;(t;) + ftt]' q1(t)dt. Therefore, (i)—(iv) of
Proposition 1 is satisfied and so (p, o, x) is incentive compatible. O

We next have the following proposition on individual rationality.

Proposition 3 An incentive compatible mechanism (p, o, x) is individually rational
if and only if

Fz(tz) Fi(1)
O</ / { T T hm (_“(“’”))_[”ﬁ(n)“

xp(t1, 1) f1(t1) fo(t2)dtd1y.

Proof Observe that Uy (t1) = U;(t)) — ffll q1(v)dt = yi(t1) — q1 (et +r1(t) —

fj' q1(7)dt by Proposition 1(iii) and Eq. (1). Since U;(f1) is a constant, we can
integrate with respect to #1 to get

T TS
Ui (fy) :/ / x(t1, ) f1(t) f2(2)dtadt —/ / t1p(t1, 1) f1(t1) f2(t2)dtrdty
1 15} 5] 15
T Top
+/ / [J(fl,tz)a(tl,tz)lzfl(tl)fz(tz)dtzdtl—/ / q1(t)dt fi(t)dt.
L Y t Jn

Since

;1 ;1 151
/ / 611(T)dff1(t1)dt1=/ q1(t) F1(t)dn
1 4 I3}
T i
=/ / p(t1, ) Fi(t) f2(n)dndty,
151 Iy
we have

12 I
U@ = / / x(tn, 12) f1(0) fo()dtrdi
153 1

_/'tzftl[t —alr F1(t1)] 1. 1) 10 e dnd
Iy Ji : 1, fl(tl) pliy, 12) J1lly) j2(i2 1dt).

As for the buyer, we have U (t,) = U (1) — fttz G2(t)dT = Go(2)tr — y2(12) —

ft g2(7)dt by Proposition 1(iv) and Eq. (2). Since U (t,) is a constant, we can
1ntegrate with respect to 1, to get
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173 11
Un(ty) = / / bp(tr. (1 — altn, 1)) fi(t) fr)dndny
ty Ji

fz ?1 ?2 n
- / / x(t1, 1) fi (1) fat)dindty — / / G20 fo(t)dbs.
t, Jiy L Jip

Since
?2 1) fz
/ / @2(v)dt fr()dt = / G2(2)(1 — F2(12))d12
t, Jity I
h pi
= / / p(t1, )(1 — a1, 1)) f1(t) (1 — Fa(12))dnd,
I JI
we have

Dot 1-F
vy = [ [ = 0 e o i

12 I
- f / x(t1, 1) fi (1) fat)dndty.
1, JI

Observe that Uy (t1) is decreasing in 71 since dU1(t1)/dt; = —q1(t1) < 0. Observe
also that U, () is increasing in 7, since dUs(52)/dty = Ga(t2) > 0. Therefore, a
necessary and sufficient condition for individual rationality is 0 < U;(¢1) + Ua(t,),
which reduces to the inequality of the proposition. O

Note that x does not appear in the inequality of the proposition. Hence, if we are
given any (p, «) with ¢ (¢;) decreasing and ¢, (#;) increasing, then we can directly
check the inequality for the existence of an incentive compatible and individually
rational mechanism. This is so since we can always find a cash payment x : T — IR
such that (p, @, x) is an incentive compatible mechanism by Proposition 2.

Propositions 1-3 together correspond to Theorem 1 of Myerson and Satterthwaite
(1983). In particular, the inequality in Proposition 3 is equal to inequality (2) of that
paper when we set a(#1, 1) = 0. Note that, with the royalty rate «(¢1, t2), the buyer’s
expected payoff Us(#,) is lower as reflected in part (iv) of Proposition 1 as well as the
buyer’s virtual valuation t, — (1 —«(t1, t2)) (1 — Fa(#2))/ f>(t2) is higher as reflected in
the expression in Proposition 3. We also want to note that finding an appropriate cash
payment x (#1, t2) in Proposition 2 is one of the key steps in arriving at Proposition 3.

2.3 Ex-post efficiency

The mechanism is ex-post efficient if the trade occurs if and only if the value of the
asset to the buyer exceeds the value of the asset to the seller. In an efficient mechanism,
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Bilateral trading with contingent contracts 453

with the probability of trade denoted by p°(z1, £2), we have

def 1 if 1 <n,
Pt ) = :
0  otherwise.

Observe that ¢%(1) = [ p%(n, ) frt)dts = [ fo()dty = 1 = Fa(n) is
decreasmg in #1. On the other hand, §9 (1) = ff]l PO, n)(1 —a(t, 1)) fi(h)dn =
' (1 —a(ty, tz)) f1(t1)dt; may not be increasing in . However, a sufficient condition

for cjg (t2) to be increasing is:’

a(ty, ty) <a(t,n) forn <1

That is, the royalty rate is decreasing in player 2’s type. In particular, this condition
is satisfied when « (7, #2) is a constant function, i.e., «(f1, t2) =« forall (t;,n) €T.
Letus choose any royalty rate o : T — [0, 1] that makes dy 9(tp) increasing in 5. Then,
there exists an incentive compatible mechanism (p°, «, x) by Proposition 2.

Define
_ [ 1-F®) [ R
‘/tz /,{ “ha (TR [”ﬁm)]}
x p(t1, ) f1(1) fo(t)dn dta.

Then, 0

1 — F(t2) Fi (1) 1 — Fa(n)
/ / {[ Fa2) ] [“ N7 (m} HR ) }
x p(t1, 0) fi(1) fr(t2)dt1dn

min{ty,f1}
= / / (2f2(12) + Fa(2) — 1) fi(t)dtydiy
Iy 1
min{ty,71}
—/ / (11 f1(t) + Fi(t) fa(t2)dndiy
min{rp,71}
/ / w(tr. 0)(1 — Fx() filt)dndn,
2]
- f (f2(12) + Fa(ta) — 1) Fi()dty — / min{ty Fy (1), 71) fa()dia
15

min{tp,71}
+/ / a(ty, n)(1 — Fa(n) fit)dndn
153 1

9 Recall that a(ty, 1) € [0, 1], so the integrand is always non-negative.
10 This derivation is similar to the one in Myerson and Satterthwaite (1983).
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7> B
= —/ (1 = Fa(n)) Fi(r2)d1 +[ (tr —11) fa(2)d1
123 3}

?2 min{tz,?l}
+f f altr. (1 — Fx(0) fi()dndis
15} 151

1 )
= —/ (1 = Fa(n)) Fi(rp)d1z —[ (Fa(r2) — 1)dn
15} 1
?2 min{tz,?l}
+f / a(t, )(1 — Fa(e) fi (t1)dndts
I JI
B
= —/ (1 = Fa(n)) Fi(rp)d1z
15}

}2 min{tz ,?1 }
—i—f / a(ty, n)(1 — Fa(n)) fi(n)dndi.
L J

The term —fttz' (1 — Fz(tz))Fl (f2)dty is negative as long as 1, < 71 and 1| <
15, or equivalently, interior(T; N T») # @ so that the two type-intervals properly
intersect. Hence, if «(¢1, o) = O for all (¢1,#) € T then A < 0, and Proposition 3
implies the famous Myerson—Satterthwaite result that there does not exist a bilateral
trading mechanism with only cash payment which satisfies ex-post efficiency, incentive
compatibility, individual rationality, and budget balance. We also have the following
result as a corollary of Proposition 3.

Corollary 1 If 1, <t in addition to interior(Ty N To) # O, then ex-post efficiency is
impossible unless «(t1, tp) = 1 forall (t;, ) € T.

Proof Observe that A becomes

1>  prn
—/ (1 = Fa(1) Fi(12)d1z +/ / a(tr, ) (1 — Fa(t)) fit)dtdt
2] I 1

when 7, < 7. Observe next that A = 0 when «(t1, ) = 1 forall (t1, 1) € T. Hence,
A < 0 for any other royalty rate o : T — [0, 1] when interior(T) N T3) # 0. O

Now, assume that «(t1, 1) = «(#2), thatis, o(-) does not depend on #;. That is, the
royalty rate depends only on the value of the asset to the buyer. Then, A becomes

1 %]
—/ (1 — Fa(r)) Fi(12)d1z +/ a(n)(1 — F2(2)) Fi(t2)dry.
I &)

If 7, < f in addition to interior(Ty N Tp) # @, then A = — ;22(1 — (x(tz))(l -

F (tz))F] (t2) dto < O unless a(tp) = 1 for all #,. Thus, ex-post efficiency is impos-
sible, as Corollary 1 has shown more generally. On the other hand, if 7} < 7, then

A=— ;I (l — Ol(tz))(l — Fz(lz))Fl (tr)dty + ffiz O[(tz)(l — Fz(tg))dl‘z so that there
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Bilateral trading with contingent contracts 455

may exist a bilateral trading mechanism with royalty and cash payment which satisfies
ex-post efficiency, incentive compatibility, individual rationality, and budget balance.

Example 1 Let T = [0, 1], T» = [0, 2], Fi(t1) = t1, and F>(t2) = /2. Also, let
a(t1, ) = «, a constant function. Then, A = — fol (1—a)(1—1/2)trdts +f12 a(l—
1/2)dt, = (T — 4)/12. Hence, ex-post efficiency is possible for 4/7 < a < 1.!!

We note that the assumption of «(#1, ) = «(#2) is not restrictive in the sense that
any allocation rule that can be implemented with «/(#1, ) can be implemented with
a(r2): Given a general royalty rate a(t1, 12), define a(f2) = sup,, ¢y, @ (71, 12) for each
ty € T». Then, the inequality in Proposition 3 holds with «(#,) if it holds with «(¢1, 12).
Moreover, «(ty) is decreasing in t if « (1, 1) is decreasing in f», guaranteeing an
increasing c}g (t2). Therefore, given the sufficient condition that «c(#1, 2) is decreasing
in t, for (jg (t2) to be increasing, if ex-post efficiency is impossible with any royalty
rate that depends only on £, then it is impossible with any royalty rate that depends on
both 7 and 1.

Summarizing the discussion, we have:

Proposition 4 There exists a bilateral trading mechanism with royalty and cash pay-
ment which satisfies ex-post efficiency, incentive compatibility, individual rationality,
and budget balance. A sufficient condition is that (i) a(t1, t2) = «(t2) is a decreas-

ing function of t, (ii) I1 < 3, and (iii) f;l(l — (x(tz))(l - Fz(tz))Fl (h)dty <
[ a(n)(1 = Fa(n)dn.

This proposition shows that contingent contracts (specifically, linear contracts with
royalty and cash payment) can implement an efficient trading rule as satisfying indi-
vidual rationality and budget balance in environments where standard mechanisms
with simple cash payment cannot. The reason is that, by linking payments to players’
private information, contingent contracts can reduce the information rents which work
against the attainment of efficiency. Observe, however, that we cannot overcome the
negative effect of private information unless there exists a mass of the buyer’s types
that are higher than any realization of the seller’s type, i.e., unless 7] < 75 holds.

The intuition for why a royalty rate of one is the only option for implementing the
efficient allocation when 7, < 71 can be explained as follows.!2 Observe first that the
ex-ante gains from trade generated in an ex-post efficient mechanism is

1 min{ty,71}
/ / (t, — 1) f1(t1) f2(r2)dtidty
%) Iy

i 3]
= [ (= Rw)in+ [ (1= Be) R,
1 4]

11" Recall that éo(tz) is increasing when «/(t, #2) is a constant function.
” g

12 T thank an anonymous referee for providing this intuition.
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and the seller’s expected information rent is

1
Ly

ST
f / q1(t)dr fi(t1)dn 2/ (1 = Fa(t)) Fi(n)dn.
5] n r

Since the contingent payments do not depend on the ex-post value of the asset to
the seller, the designer must pay this information rent to satisfy the seller’s incentive
constraint. Subtracting the seller’s information rent from the ex-ante gains from trade,
the designer is left with an expected surplus of

1
/: (1 — Fz(tz))dtz.
7

1

This is zero if 7, < 7. Thus, in this case, the designer cannot offer any information
rent to the buyer, and so the royalty rate of one is the only one that satisfies the buyer’s
incentive constraint.!3-14

When a(#1, 1) = «, a constant function, we can explicitly derive the lower bound
of « for efficiency. Define

def

6o [ (1= Rw)Awdn.
5]

Then, the condition that A > 0 is equivalent to « > G(71)/G(t2). Thus, the lower
bound of « is

wr G _ i (1= @) Fidn
© G [R(1- B(n)Fit)dn

Observe that the numerator G (71) cannot be zero when interior(T{NT3) # @. Thus, the
lower bound « is strictly positive, implying the Myerson—Satterthwaite impossibility
result. Observe also that « = 1 when 7, < 7. Observe finally that the denominator

G(t) is equal to fllzl (1= Fr (1)) Fi(r2)dtr + f;lz (1= Fx(12))dt when ) < 7. Thus,

« is strictly less than 1 and it gets smaller as the term fgf(l — Fz(tz))dtz becomes
larger.

13 The buyer’s expected information rent is decreasing in the royalty rate and equals zero if and only if the
royalty rate is equal to one. When 7| < 77, we have f;lz (1 - F (tg))dtz > 0 and the designer can cover
the buyer’s expected information rent by imposing a sufficiently high royalty rate.

14 In the appendix, we consider the case when contingent payments depend on the value of the asset to the
seller as well as to the buyer and show that ex-post efficiency is possible with royalty rates other than one
even when 7y <7j.
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3 Discussion

We have characterized the range of possible bilateral trading mechanisms which satisfy
ex-post efficiency, incentive compatibility, individual rationality, and budget balance.
In particular, we have shown that ex-post efficiency together with incentive com-
patibility, individual rationality, and budget balance is possible in exactly the same
environment of Myerson and Satterthwaite (1983) when we introduce contingent con-
tracts.

We have assumed that payments are contingent only on the ex-post value of the asset
to the buyer. This reflects the real-world practices, and the reason might be that the
buyer’s action (such as costly investment) after the trade is crucial in utilizing the asset.
Alternatively, we may consider contingent payments that depend on the value of the
asset to the seller as well as to the buyer. That is, we may allow cost sharing in addition
toroyalty payment. Then, the seller’s payoffis p(t1, 1) (a (11, )12 —(1—B(11, 2))t1)+
x(t1, t2) and the buyer’s payoff is p(1, tz)((l —a(t), )t — B(t, t2)t1) —x(t1, ),
where B(t1, 1) is the cost-sharing rate. It can be shown that ex-post efficiency is easier
to obtain in this alternative formulation. For instance, ex-post efficiency is possible
for any specification of 7; and F; fori = 1, 2 if we set a (1, t2) = B(t1, ) = 1/2 for
all (1, n) € T.'> We present the analysis in the appendix. The reason for this is that
the seller’s incentive constraint as well as the buyer’s incentive constraint is relaxed
in this alternative formulation.

We have assumed that types are observable and contractible ex-post. This determin-
istic setup has some drawback in the sense that misreports may be detected ex-post.
We note that this is mainly for expositional purposes. Alternatively, we may let the
type t;, which is unobservable, determine the distribution of the value v; of the asset
to player i, which is observable and contractible, as follows. Let H; (v;|#;) denote the
conditional distribution of v; given #; which has a continuous and positive density
hi(v;i|t;) on the interval [v;, v;]. If we assume that types are independently drawn
and H; (v;|t;) is ordered by first-order stochastic dominance, then essentially the same
analysis goes through.

One may argue the issue of trivial solutions. Indeed, ex-post efficiency is always
possible if the seller sets the royalty rate o equal to 1. A similar concern has been
raised in the literature of auctions with contingent payments. Crémer (1987) argued
with respect to Hansen’s (1985) results that the seller could extract the entire or almost
all surplus if he could virtually ‘buy’ the winning bidder by setting « equal to or very
close to 1. This theoretical possibility is not observed in practice, however. Several
reasons can be put forward. 16 First, the seller is cash constrained so that he is not able
to reimburse the costs of investment that the buyer may bear to utilize the asset.!” Next,
the moral hazard problem prevents this contractual arrangement: if the buyer’s action

15 Kalai and Kalai (2013) present a general theory of cooperation in strategic form games and characterize
the cooperative-competitive value, or coco value for short. We observe that the resulting outcome when
a(ty, 1p) = B(t1, tp) = 1/2 corresponds to the coco value.

16 See section 4 of DeMarzo et al. (2005) for a related discussion.

17 We did not explicitly model buyer’s costs of investment in this paper, but it is a trivial matter to incorporate
this feature.
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is not fully contractible, then she may underinvest when o = 1 or close.'® Finally,
various legal and/or practical restrictions keep o bounded away from 1.

The same reasons apply in this setting, and we want to emphasize that we have
characterized all possible mechanisms and so the lower bound of o may well be
bounded away from 1. We also want to mention that we chose to present the main
point lucidly with an intentionally theoretical model rather than to work with a richer
model which incorporates many real-world features.

Acknowledgements I thank the referees and an associate editor for invaluable comments and suggestions.

Appendix

In this appendix, we consider contingent payments that depend on the value of the asset
to the seller as well as to the buyer. Thus, the seller’s payoff is p(#1, tz)(oz(tl, b)) —
(1 — B(t, tz))tl) + x(t1, ) and the buyer’s payoff is p(t, t2)((1 —a(t, )t —
B(t, tg)tl) — x(t1, ), where a(t1, ) is the royalty rate and B(¢1, 1) is the cost-
sharing rate.

We defined y(s1), y2(s2), ¢1(s1) and g2(s2) in the text. In addition, define

¥

def

ri(s1) ;/ p(si, )a(st, 1) fr(k)d,
5]

1
def A def
ry(s2, ) = try (s2) = / p(t1, sp)a(tr, s2)n fi(n)dt,
L

23

def  » def

V{S(Sl,tl) = tlr{S(Sl) = f p(s1, ) B(s1, )t fa(a)dta,
%)

def

3]
rf(Sz) =/ p(t1, s2)B(t1, s2)n fi(t)dry,
L

1
G160 < qi(s1) — f{S(Sl) = / ps1, ) (1 — B(s1. 1)) f(12)d1,
15

3]
g2(s2) o q2(s2) — 75 (s2) = / p(t1, 52)(1 — a(ty, 52)) f1(t)d1.
1]

If the seller believes that the buyer will report truthfully, and he reports s; when his
true type is t1, then his expected payoff is

def .
UiGs1, 1) = r(s1) — g1 (st + yi(s1).

18 Suppose the buyer can either take an unobservable action to invest or not. If the costs of investment
cannot be fully reimbursed by the seller due to moral hazard, then she would not invest when o = 1 or
close. We do not believe that a full-blown model of moral hazard would require a deeper insight beyond
this simple observation.
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Likewise, if the buyer believes that the seller will report truthfully, and she reports 57
when her true type is », then her expected payoff is

def A
Us(s2, 1) = Ga(s2)tr — rf(Sz) — y2(52).

Define, as in the text, U; (t;) & U;(t;, t;) fori = 1,2 as well as IC and IR conditions.

We can establish the following propositions.

Proposition A1 The mechanism (p, «, 3, x) is incentive compatible if and only if
(1) q1(t1) is decreasing,

(1) qa(tp) is increasing, B

(i) U1(n) = U1() + [, §i(0)dr,

(iv) Ua(t2) = Ua(ty) + [;2 qo(v)d.

Proposition A2 Given any probability of trade p : T — [0, 1], royalty rate o : T —
[0, 1] and cost-sharing rate  : T — [0, 1], we can find a cash payment x : T — IR
suchthat (p, «, B, x) is incentive compatible as long as qy (t1) is decreasing and ¢, (1)
is increasing.

Proposition A3 An incentive compatible mechanism (p, «, B, x) is individually ratio-
nal if and only if

F
0<f / Hrz—(l—a(n,rz» f(f()’”} {r+(1—ﬂ(n,tz>> ])gli”

x p(t1, ) f1(t1) f2(t)dtdt.

With the probability of trade po(tl, t») defined in the text, we have

%)

%]

G = / PP, 0)(1 = B(t1, ) fr(2)dtr = / (1= B(11, 1)) fr(r2)d1;
%) 131
11 1

c??(tz)zf po(tl,tz)(l—a(tl,tz))fl(tl)dtl=/ (1 — (1, 0)) fi(t)dr.
1y 1

A sufficient condition for c}?(tl) to be decreasing and c}g (12) to be increasing is:
a(t;, th) <a(t, ) for <t and B(t], 1) > B(t1, 1) forty <tf.

That is, the royalty rate is decreasing in player 2’s type and the cost-sharing rate
is increasing in player 1’s type. In particular, this condition is satisfied when both
a(t1, 1) and B(t1, 1) are constant functions, i.e., a(t1, ) = « and B(z1, 1) = B for
all (t1, 1) € T. Let us choose any royalty rate o : T — [O 1] and cost-sharing rate
B : T — [0, 1] that make (} (t1) decreasing in #; and 4y O(tp) increasing in #. Then,
there exists an incentive compatible mechanism (p°, «, 8, x) by Proposition A2.
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Define

oo [ e ) B

x p2(t1, 0) fi(1) fo(t)ddr.

Then,

[ 1— Fz(tz)} { Fl(n)} 1 — Fy(1)
a /tz le H fa(12) e Si(a) Fetnn) fa(12)
Fi(n)

B )]Po(tl,tz)fl(tl)fz(tz)dtldtz

min{ty,71}
= / / (2 f2(12) + F2(r2) — 1) fi(t)dtydiy
15 15}

min{zp,71}
- / / (1L f1(00) + FL () fa()dndi
L I
?2 mln{tz,fl}
+ / / a(t, )(1 = Fa) fi()dndn
min{tp,71}
/ / B(t1, ) Fi(t) f2(r2)dt1dty
B
— [ (afatt + Fate) = 1) ey - / min{t; F1 (1), 71} fa(12)dts
L)
min{tp,71}
+ f f a(t, )(1 = Fx() fi()dndn
L 1

2
12 m1n{tz,?1}
+/ / B(t1, ) Fi(t1) f(t)dtdt
I JI

1
—_ / (1= Fa(02)) Fi (n)dra
12
min{tp,71}
L
/-t

a(ty, n)(1 — Fa(n) fit)dndn

+ B(t1, ) Fi(t1) f2(r)dndt.

2 /‘mln{fz I}
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Assume that a (71, 1) = a(fp) and B(t1, t2) = B(t1). Then, A becomes

3 9]
—/ (1 = Fa(r)) Fi(r2)d12 +/ a(t)(1 — Fa()) Fi(t2)dn

15 [5)

t
+/ Bt Fi(t) (1 — Fa(1))dn
5]

2] 3
—f (1 — F(x))Fi(x)dx +/ (@) + B@)) (1 — Fa(x)) Fi(x)dx

1) I

t L
+ﬁ2(x(x)(1 —Fz(x))dx+f2ﬁ(x)F1(x)dx
1 5]

3]
/ (ot(x) + B(x) — 1)(1 — Fz(x))F1 (x)dx

%)

1 L
+[205(x)(1 —Fz(x))dx+/2ﬁ(x)F1(x)dx.
1 18]

Since the last two terms are non-negative, A is positive as long as «(x) + B(x) > 1.19
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